Abstract-This paper investigates an electrostatic vibration energy harvester that displays rich nonlinear behavior including jumps during frequency sweeps and broadening of the spectrum with increasing levels of broadband vibration. We demonstrate that the measured nonlinear phenomena can be adequately described by a lumped model with a nonlinear beam displaying both spring softening and hardening. Our results show that considerable bandwidth enhancements can be achieved by use of nonlinear springs without relying on mechanical stopper impacts, resonance tuning, or large electromechanical coupling.
I. INTRODUCTION

M
ICROSCALE energy harvesting from motion presently receives great worldwide attention as a candidate to power autonomous sensors both in machinery and on the human body [1] , [2] . From the early start [3] , [4] , the focus has been mainly on resonant devices that are subject to harmonic vibration at their resonance frequency. A resonant device is essentially a spring-mass system with a transducer that is driven by the relative motion between the proof mass and the package. The transducer is usually based on a piezoelectric, electromagnetic, or electrostatic conversion principle.
Driving the system at a sharp resonance is beneficial from a performance point of view, but may be difficult in practice because it requires the environmental frequency to be known at the time of design and/or fabrication. As the vibration spectra may have a very rich frequency content, some not narrowbanded at all [5] - [7] , there is considerable interest in extending the bandwidth that the devices can harvest from.
For low-frequency vibrations, the use of loose or extremely weakly suspended proof masses has been demonstrated as a means to make genuinely nonresonant devices [8] , [9] . For resonant devices, various means to extend harvester bandwidth or input frequency tolerance have been proposed. Some include the use of independent harvester arrays, which trades output power versus bandwidth by having a number of smaller generators with different frequencies within the same device [10] , [11] . Others exploit mechanical nonlinearities. These may utilize beam prestress [12] , [13] , stopper impacts [14] , or a combination of beam tension and stopper impacts [15] .
The experimental characterization of these devices is mainly performed by sweeping or stepping frequency. True broadband excitations have been used to characterize mechanically linear devices with nonlinear electrical loads [16] , [17] , but seems to be unexplored for resonant devices with mechanical nonlinearities. Since nonlinearities mix different frequency components, the spectral content in both harvested and delivered power might be very different for wideband vibrations than what might be inferred from frequency sweeps.
To our knowledge, all the resonant devices with nonlinear bandwidth enhancement reported in the literature so far, have been piezoelectric or electromagnetic devices. Even though nonlinear responses are evidently present in some reported electrostatic devices [18] , [19] , there seems to be no studies of the relationship between nonlinear behavior and harvester bandwidth for this type of devices.
Here, we present characterization, modeling, and analysis of an electrostatic energy harvester with nonlinear behavior. We use frequency sweeps, amplitude sweeps, and wideband noise in the characterization. The device is of the in-plane gap overlap type [20] also made by several other groups [19] , [21] , [22] . See also [23] and [24] for detail modeling including electromechanical coupling-induced nonlinearities and our own previous work modeling the effect of mechanical stoppers in this type of device [25] . This paper builds on the master thesis of the first author [26] . The device studied here differs from previous electrostatic devices in having strong mechanical nonlinearities. Our previous models [25] , [26] have been used as a basis for the new models presented here, which include the nonlinearities of the springs suspending the proof mass.
The outline of this paper is as follows. In Section II, we present our device and the experimental setup used to characterize it. Measurements of the device behavior under a wide range of operating conditions are reported in Section III. In Section IV, we analyze the linear and nonlinear behavior of the device in detail by comparing lumped model simulations to the measurements. The implications of our findings are discussed in Section V. Section VI concludes this paper. Fig. 1 shows a schematic drawing of the electrostatic energy harvester analyzed in this paper. The inertial mass is suspended in four beams, of which two has anchors also serving as electrical contact pads. The beams have clamped support at the anchors, i.e., no stress relief, so that they behave as hardening springs at sufficiently large displacement amplitudes. The anchors also function as mechanical stoppers at very large amplitude vibrations to avoid the capacitor fingers of the electrodes to collapse into each other. There are two fixed electrodes each with one electrical contact pad. When excited, the proof mass with its electrodes moves between the two fixed electrodes, modulating the capacitances between each fixed electrode and the proof mass electrodes.
II. DEVICE DESCRIPTION AND EXPERIMENTAL SETUP
The device was fabricated in the Tronics multiproject wafer foundry which is based on deep reactive ion etch of a silicon on insulator wafer with a 60-μm-thick device layer [27] . Fig. 2 shows a part of the fixed electrode fingers and the counter electrode fingers on the proof mass (bottom right part with etch holes). The energy harvester dimensions are given in Table I . Spring and capacitor finger widths are very critical for performance, but may differ considerably from the layout value in the fabricated device because we designed these at the minimum tolerances of the process. We therefore measured these on a broken sample using a scanning electron microscope (SEM) (see Fig. 3 ). The measured values are also given in the table.
Electrostatic energy harvesters need a bias to operate. This can be provided by an electret embedded in the device [22] , by appropriate design of the power management circuitry [21] , by exploiting the work function difference between two different metals [28] , or by using precharged floating electrodes [29] . We consider this outside the scope of this paper, and have chosen to bias by an external voltage source connected to the proof mass through the electrical contact pads on the two spring anchors. An alternative would have been to use a charging capacitor [19] . The present approach is equivalent to a very large charging capacitor. Fig. 4 shows a schematic representation of the energy harvester. The mechanical part consists of the inertial mass m, mechanical damping b represented by a dashpot, and the spring suspension with linear stiffness k. The spring may behave nonlinearly as previously mentioned and discussed in detail in Section IV-B below. The electrical part consists of the two out-of-phase variable capacitors C 1 and C 2 , load resistors R L1 and R L2 , parasitic capacitances C p and C pL , and an external bias V e .
The energy harvester is mounted on a printed circuit board (PCB) test board together with two buffer amplifiers and two load resistors, as shown in Fig. 5 . The two load resistors R L1 and R L2 have the same resistance value of 30 MΩ. The energy harvester is seen on the top right-hand side of the PCB test board. The PCB test board is mounted on a Bruel & Kjaer Type 4809 shaker together with a Silicon Designs 1210J-25 accelerometer. The shaker is driven by an amplifier fed by either a chirp or a random noise signal. The setup is controlled by a PC using LabView v8.5.1 and an NI-USB-6211 DAQ which allows full control of the excitation signal and simultaneous logging of both voltage outputs and acceleration.
III. MEASUREMENTS
In the following, we present measurements on the device under a variety of vibration signals: frequency sweeps at fixed amplitude (chirps), broadband random noise with approximately flat power spectral density (PSD), and fixed frequency amplitude sweeps. The measurements were made with different choices for, respectively, the fixed amplitude, PSD, and vibration frequency. We also varied the bias voltage. All the results are given for one electrical port, also for the PSD of power output. In the frequency sweeps, we have calculated the rms value across 1152 sample points which correspond to a frequency interval of 0.87 Hz. In the amplitude sweeps, we have 1536 sample points which correspond to about 0.23 × 10 −3 g rms. Fig. 6 shows the rms voltage across one of the two load resistors as a function of frequency. The frequency sweep was done at a low and constant amplitude (0.01 g rms), while the frequency was swept both from 0 to 1000 Hz and from 1000 to 0 Hz. The resonance frequency is about 550 Hz with a bandwidth of about 21 Hz for the biases of 5, 10, and 15 V. Since the bandwidth is quite insensitive to the bias voltage, we can infer that the mechanical damping dominates the electrical damping. At this low vibration level, the device is linear to a good approximation. We verified this by checking that the response function is independent of amplitude in this regime. Moreover, the up and down frequency sweeps are identical.
As the excitation level increases, the peak frequency drifts downwards and develops a hysteresis between the up and down sweeps, as shown in Fig. 7 , indicating a softening spring effect. For further increase in amplitude, the peak frequency drifts to the right and develops yet another region of hysteresis or multivaluedness in the upper frequency range. Hence, the device displays typical properties of both softening and stiffening springs. In the following, we will refer to the regions of the response that have different values of amplitude on up and down sweep as two-valued responses. For a vibration of 0.16 g rms, we can identify five characteristic regions of the response: i) a unique low-amplitude response at low frequencies; ii) a unique low-amplitude response at high frequencies; iii) a unique highamplitude response at intermediate frequencies around 500 Hz and two-valued responses iv) and v) just below and above the intermediate high-amplitude region. Region iii) shrinks to zero at lower amplitudes as shown for the trace for 0.1 g rms acceleration. Just below 0.1 g rms acceleration, there is only one region of two-valued response. This region shrinks to zero to yield a single trace as the acceleration is further reduced.
In Fig. 8 , frequency sweeps of the rms output voltage are shown for different bias voltages at an acceleration of 0.16 g rms. The output voltage is roughly proportional to the bias voltage away from the jumps. The frequency of the down-jump on the upper side of the response is much more sensitive to the bias voltage than the other jumps. In particular, the extension of the region of unique high-amplitude output, is largely unaffected by the bias voltage. When lowering the acceleration down to 0.1 g rms, this region shrinks, but its extension is still not sensitive to the bias voltage while the upper down-jump is (see Fig. 9 ).
Next, we consider output voltage dependence on vibration amplitude. In Fig. 10 , we see the results of sweeping the amplitude either from a low-to-high value (up sweep) or from a high-to-low value (down sweep). The fixed frequency (of 498 Hz) is chosen in the region iii) with single-valued high amplitude for the 0.16 g trace in Fig. 7 . On up sweep, we observe a single jump to a high-amplitude value when reaching 0.1 g, and high-amplitude motion becomes possible (see Fig. 7 ).
On down sweep, the system typically starts on the part of the curve with high-amplitude motion after the initial transient. When sweeping down, the amplitude stays high beyond 0.1 g where there is also the possibility of low-amplitude motion. It stays on the high-amplitude branch (see the 0.1 g and 0.16 g traces in Fig. 7) , until a further jump down to the low-amplitude branch takes place. Comparing to Fig. 7 , we see that when the acceleration amplitude is reduced from 0.1 g to 0.055 g, the two-valued region on the upper side of the response changes into a single-valued one, while the two-valued region on the lower side of the response move upwards in frequency to cover the frequency (498 Hz) of the amplitude sweep. The plateau in Fig. 10 corresponds to the high-amplitude branch of the latter two-valued region. Upon further reduction in vibration amplitude, a second jump to the now lowest branch takes place. Eventually, the low-amplitude branch becomes unique, and the output goes continuously to zero. This complicated behavior is made possible by the drastic changes in the shape of the response with the amplitude of the excitation shown in Fig. 7 .
For other choices of excitation frequencies, the behavior may be simpler. As an example, results from an amplitude sweep at a frequency of 480 Hz for 5, 10, and 15 V is shown in Fig. 11 . This frequency is inside the bandwidth of unique highamplitude motion at the higher excitation amplitudes in Fig. 8 , but below the frequency used in Fig. 10 . Here, we see only one jump on each trace. We also characterized the device under broadband excitations. We used excitation signals with a relatively flat PSD from 200 to 1600 Hz. Fig. 12 shows the one-sided PSD versus frequency for several excitation levels. The resulting output PSD is shown in Fig. 13 for these excitation signals. A shift of the resonance frequency of the harvester toward the lower frequencies as the excitation level increases is observed. In addition, we notice a widening of the output bandwidth as the excitation increases.
At a low excitation level, the shape of the spectrum shown in Fig. 14 is similar to the response obtained for frequency sweeps in Fig. 6 above. The resonance frequency is stable while the output PSD increases with the bias voltage. The peak at the lower end of the range is the 50 Hz mains interference. The bumps around 1100 Hz are second harmonics. The shape is preserved when the bias voltage is increased, indicating also in this case that the mechanical damping dominates the electrical damping.
The measured output power as a function of the acceleration PSD is shown in Fig. 15 (circles) . It shows roughly a linear behavior over the entire range. The deviations from linear behavior at low levels are due to noise (∼ 8 × 10
in the acceleration measurements, as shown in the figure. The measurement is compared to linear theory [30] . The solid line shows the maximum output power for a mass of the present size. The dashed line shows the theoretical output power when losses are accounted for using parameters from the next section. The deviations from linear behavior at acceleration levels far above the measurement noise level must be due to the nonlinearities of the device already evident from the output spectra in Fig. 13 above.
IV. MODELING AND ANALYSIS
To analyze the energy harvester behavior, we have made equivalent circuit lumped models: one linear and one nonlinear. Both are based on a single mechanical degree of freedom, the displacement x of the proof mass, and two electrical degrees of freedom, the charges on the variable capacitor electrodes. In the present section, we discuss these models and compare simulation results to experimental results.
In modeling the variable capacitances (see Fig. 4 ), we use the parallel plate capacitor formula for the interelectrode capacitances C 1 and C 2
where N g is the number of fingers of the comb structure, ε 0 is the permittivity of vacuum, t f is the thickness the fingers (equal to the device layer of the SOI wafer), x 0 and g 0 are the nominal overlap of and gap between the finger structures of the capacitor electrodes, respectively. To take into account stray capacitances from electrodes to package and to some extent also the fringing capacitances neglected in (1), we have added a parasitic capacitance C p parallel to the variable capacitance. The total internal capacitances C T 1 and C T 2 are then
and the voltages V L1 and V L2 at the ports are given by
where q 1 or q 2 are the charges on port 1 or 2, respectively. Newton's second law for the proof mass motion reads
where m is the mass, ma is the fictitious force experienced due to the acceleration of the device, and F e and F r are the electrostatic force and the force on the spring, respectively. The spring force will be discussed in detail for the nonlinear model. The electrostatic force is given by
A. Linear Regime
When the device works in the small signal regime, i.e., at small oscillations and small charge variations, we can linearize around the equilibrium state. At the equilibrium, x = 0 and
We then introduce the small charge variations δq 1 and δq 2 defined by
Linearization of (4) and (6) yields
where
In the linear regime, the spring force is simply given by Hooke's law
In the linear regime and equally loaded ports, the charge difference q 1 − q 2 and total charge q 1 + q 2 , as well as the voltage difference and average voltage, become decoupled and the total charge become independent of the proof mass motion [23] . It is therefore convenient to introduce the quantities
The limiting charge and voltage will then be q and V L on port 1 and −q and −V L on port 2. Equation (10) gives
Substituting (11) and (13) into (5), we obtain
Each port is connected to the load resistor R L in parallel with the parasitic (capacitor) C L giving the final equation
Based on (17) and (19), the equivalent circuit for the linear regime is, as shown in Fig. 16 . Behavioral voltage sources are used to represent the coupling between the mechanical and electrical part. Note that the electrical part corresponds to one port. This is accounted for in the mechanical part by the factor two in the source representing the electrostatic force. The parameters used in the linear model are given in Table II . All parameters were obtained by fitting simulated response to the measured frequency response, except for the mass which was calculated and the initial finger overlap which is taken from the design. The fitted load resistance of 28 MΩ turned out slightly lower than the component value which is 30 MΩ as mentioned in Section II. The fitted capacitance C 0 is 10% less than the values dictated by (2) and the values from Table I, i.e., 1.96-2.06 pF, when we use the measured finger widths to calculate the gap. The linear stiffness is in the lower end of the range 67.9-78.7 N/m calculated from Table I using the measured beam widths.
In Fig. 17 , we show a comparison between the simulated response and the measured response from frequency sweeps at low acceleration. The only difference between the simulations is the bias voltages. All other parameters are held fixed. The close agreement between the simulated and measured result indicates that the simple capacitance model with fringing effects represented by a phenomenological parallel capacitance quite closely reproduces the electromechanical transduction of the device.
The output PSD when driven by a broadband vibration signal is shown in Fig. 18 . The measured acceleration is used as input for the simulations. In addition, in this case, we find close agreement between the simulated and measured results as we would expect in the linear regime. The results are quite noisy due to the finite duration of the random input signal.
In the linear regime, we can calculate a transfer function as the output PSD divided by the spectral density of the input acceleration. This is proportional to the magnitude square of the voltage to acceleration transfer function. The comparison between simulation and experiment is shown in Fig. 19 . The overall shape is the same as that in Fig. 18 , but the result is considerably less noisy because the variations in spectral content in driving signal and output are equal and therefore cancel each other.
B. Nonlinear Regime
Having established a linear model that reproduces the small signal behavior and gives confidence in the electrostatic transducer model, we now consider the nonlinear effects observed for stronger vibrations. We keep the variable capacitor model as defined by (1)- (3) without linearization. By itself, this gives nonlinearities in the electromechanical coupling that could be important [23] , [24] . From the frequency sweeps in Section III, we observed that the characteristic frequencies of some of the jumps between different stable orbits are bias-voltage independent. The observation suggests that these nonlinear phenomena do not originate from the electromechanical coupling. Therefore, we should also consider mechanical nonlinearities.
For simulation, we need to implement the variable capacitors C T i (x) (where i = 1, 2). Each can be described by an arbitrary fixed capacitor C fi connected in series with a behavioral voltage source V Si . Fig. 20 shows the equivalent variable capacitor and the lumped element model representing it. The behavioral voltage source is given by
The electrostatic force F e is found by carrying out the differentiation in (6) with the capacitance given by (1)-(3) . It is implemented in the equivalent model as a behavioral voltage source.
We model the spring force F r as a polynomial in the displacement x. Due to the symmetry of the suspension, the elastic energy is an even function of x and results in a spring force that is an odd function. We therefore include only odd terms in the polynomial. To capture the effect of both hardening and softening of the spring, we need at least a fifth-order polynomial. For accuracy, we include an extra term
The nonlinear lumped-element model is based directly on (4) and (5). The aforementioned details are all implemented in Fig. 21 . In the mechanical subcircuit, we chose to split the spring force into the linear term implemented as a capacitor and the remaining nonlinear terms implemented as the behavioral source F rn . The proof mass displacement is then represented by the charge on the capacitor. We have also implemented a stopper force F s which is not important at the acceleration levels considered here, and it is therefore not further discussed. In the nonlinear model, both electrical ports are modeled.
We have fit the behavior of the equivalent circuit model simulated in SPICE to that of the measured device by adjusting the phenomenological spring constants of the model until the responses agree. The other parameters from the linear model are kept as in Table II . We used the measurements at 0.16 g rms sinusoidal acceleration and 10-V bias to do the fit. The results are given in Table III .
We note that the linear stiffness of the spring suspension agrees well with that found for the linear model in the previous section.
The third-order stiffness is negative and explains the softening spring behavior observed at intermediate displacement amplitudes. The positive fifth-order term represent the spring stiffening at high amplitudes. The seventh-order term serves as a correction to increase the accuracy within the simulated displacement range. At very high amplitudes outside the range that we consider, its negative value means that the system will become unstable if not higher order terms that we have neglected become dominant. At 4-μm displacement, the contribution from the seventh-order term in (21) is 34% of the fifthorder term. They become equal at a displacement of 6.87 μm.
The electromechanical coupling in this device increases the linear stiffness as seen from the positive electrostatic correction in (18) . We have also calculated the electrostatic contribution to the open circuit third-order stiffness by expanding (6) Table III , we find that this coefficient is more than four orders of magnitude smaller than that of the fitted mechanical parameter k 3 , even at 15-V bias. Hence, we can be confident that the spring softening effect is not of electrostatic origin. Fig. 22 shows the spring force versus the displacement as calculated from the coefficients listed in Table III . It is compared to a linear spring with stiffness k 1 from the table. Clearly, we have with increasing magnitude the sequence 1) linear spring; 2) softening spring; and 3) hardening spring. Fig. 23 shows the simulation results for a frequency sweep at 0.16 g rms excitation with 10-V bias. Results from the measurements are plotted for comparison. We observed that there is an overshoot phenomenon on down sweep which gets smeared if we calculate the rms value over a small interval. We therefore used the peak value instead. There is a good correlation between the measured and simulated values, even the overshot phenomenon is reproduced.
The simulation result for the output voltage of the energy harvester is shown in Fig. 24 , sweeping frequency at 0.21 g rms with 10-V bias. The simulation reproduces more accurately the jump down on up sweep, even though it changed as much as 200 Hz from the previous case in Fig. 23 . Fig. 25 shows a simulation of an amplitude sweep compared to experimental results. The qualitative features from the experiment are reproduced, such as the plateau on down sweep, but the amplitude, its slope, and the first jump frequency differ somewhat.
We also checked the model against measurements with wideband acceleration. Fig. 26 shows the output PSD from simulations compared with the output PSD from the measurements for a high enough vibration strength that nonlinear effects are apparent. Even though, the model fit was made for the sinusoidal vibrations, the simulations agree well except for the smallest frequencies. This is true both for 10-and 5-V bias. Fig. 27 shows the comparison of the output PSDs for two different input acceleration PSD levels. The bandwidth of the output spectrum shows a quite dramatic increase from the lowest to the higher of the two excitations although the maximum PSD decreases. Change in spectral content is well represented by the simulation model.
The previous results show that the nonlinear device has a considerable output bandwidth for sufficiently strong random vibration. Since all the measurements are on the output, it is not entirely obvious that the device actually harvest energy over such a wideband. As far as we know, one could hypothesize that internal (transduction) nonlinearities smear the output spectrum so that the output bandwidth is higher than that of the bandwidth that is harvested from. Because we have a model that we have verified to represent the device well, we can check this by simulation. We then estimate the real value of the cross spectral density between the fictitious force ma and the relative velocity v of the proof mass. We may interpret this entity as an input PSD. Both the input and output PSDs of the energy harvester are shown in Fig. 28 . The input PSD is at least as broadbanded as the output PSD, hence the device actually harvest over a wide band of vibration frequencies.
V. DISCUSSION
The energy harvester investigated in this paper has several properties that are promising for frequency tolerant harvesting The frequency sweeps have demonstrated that for sufficiently large vibrations, the device has a frequency range of rather flat single valued response (Figs. 7 and 8 ). The single valued response guarantees the output level within this range. In addition, the multivalued response causes the up-and down-sweep bandwidths to be even larger than that of the unique response. This is advantageous when the vibration frequency change over time [14] .
Under broadband excitations, we have seen that the device responds at first linearly, and then, with increasing vibration level, the spectrum broadens considerably (Fig. 13) . Hence, the device does not rely on high electromechanical coupling to achieve the high bandwidth. Although high coupling is a goal in itself, it must be considered an advantage at the design stage that bandwidth requirements to some extent can be decoupled from the achievable electromechanical coupling in the transducer.
The mechanical nonlinearities are due to suspension nonlinearities. The harvester does not require impacts with mechanical stoppers to generate the nonlinear response. Even though most harvester designs need some mechanical stoppers to ensure controlled behavior under overload conditions, we would expect that devices that do not rely on frequent stopper impacts as a working principle have a reliability advantage over those that do.
The nonlinearities observed in our energy harvesting device are due to the quad beam support of the proof mass which gives each beam a clamped-guided support. Large displacements must give tensile stress in the beams and consequently hardening springs. Based on our estimate of the electrostatic contribution to the third-order open circuit stiffness in Section IV-B, and on the insensitivity of the lower jump frequencies in Figs. 8 and 9 to voltage variations, we can rule out electrostatic effects as a reason for the softening spring behavior at intermediate amplitudes. It has to be mechanical in origin. Since there is no stress relief in this type of suspension, it is susceptible to packaging stress. We therefore believe that the nonlinear spring behavior is due to packaging stress.
The characteristic features of the combined forcedisplacement relation in Fig. 22 , such as the regions of softening or hardening behavior, can be designed for without relying on beam prestress. There are design methods that allow quite arbitrary force-deflection relations to be realized [31] . Our results therefore suggest careful nonlinear beam design as a means to enhance bandwidth of energy harvesters. In particular, softening spring effects are interesting because they potentially allow larger displacements and suppress the dominance of mechanical over electrostatic forces. Nonlinear design is particularly interesting for devices that exploit in-plane motion because of the great freedom in shaping the beam structure by layout.
VI. CONCLUSION
We have experimentally characterized and numerically analyzed an energy harvester displaying rich nonlinear behavior. For narrowband excitations, we found several regions of multivalued response when sweeping either amplitude or frequency. For broadband excitations, we found a considerable bandwidth enhancement upon increasing the vibration strength. By equivalent circuit simulations, we fit model parameters to the measured device behavior and verified that the model reproduced the experiment also in cases which were not used in the fit.
Both the detail analysis and the qualitative features of the device response show that the nonlinear behavior of the device is due to nonlinear behavior of the beam suspension. The results suggest that nonlinear spring behavior can be designed for as a means to increase device bandwidth and is a topic we will pursue in future work.
